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The series is said by Borel to be summable * at a point x when the integral (4) has a meaning at this point.
The second case is that in which the fundamental series is divergent. The associated series in this case may be either convergent or divergent. If it is convergent only over a portion of the plane of u = %x, we are to understand by F(u) not merely the value of the associated series but of its analytic continuation. Let x for an instant be given a fixed value. Then when z describes the positive real axis, u in its plane describes the ray from the origin passing through the point x. If F(u) is holomor-phic along this ray, it is possible that the integral (4) will have a sense. Suppose that this holds good as long as x lies within a certain specified region of its plane. Then for this region a function will be obtained uniquely from the divergent series by the use of the integral, precisely as in the case of the series of Laguerre.
This method of treatment is obviously restricted to divergent series for which the associated series are convergent, and it will not always be applicable even to these. A divergent series in which there is an infinite number of coefficients of the same order of magnitude as the corresponding coefficients of
(6)          1 + x + (2 !)V + (3 !)W + • • • + (n!)V + - • •
can not be summed in this manner. It will be noticed, however, that the series just given is one whose first associated series is the series of Laguerre, and whose second associated series is consequently convergent.
The method of Borel can be readily extended so as to take account also of such series, or, more generally, of series that have an associated series of the nth order which is convergent. One mode of doing this is by the introduction of an n-fold integral. Suppose, for example, that in (6) one of the two factorials n \ is replaced by
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* Some other term would be preferable since his definition refers only to one
rvf  mw.nv r»nssihlA rnnrlpR nf  Rnmmafr.inn.      A  Sftrips  rnav V>A Rimiilt*mpniiRl v lt snrn-oved by Jacobi to be alternately greater and less than the expression. Had Jacobi proved also the convergence of the continued fraction, the work of Laguerre would have had an exact parallel for real values of x. Cf. No. 47 of the bibliography. that it presupposes a knowledge of the function sought, for example, that lim f(x) — a0, when x = 0. As a matter of fact the properties are often unknown. See in this connection p. 89 of these lectures.                                    &                         /
